We show that the source of RR field computed from the boundary state describing the decay of a non-BPS brane is reproduced by a particular form of the Wess-Zumino term in the tachyon effective action. We also obtain a simple expression of the S-charge associated with rolling tachyons.
Introduction
Decay of an unstable brane is a very interesting process which might help us to understand some properties of string theory in time-dependent backgrounds [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . The dynamics of tachyon field T on such a brane can be described by an effective field theory when the value of T and its derivatives satisfy some conditions [6] . The proposed effective action of real tachyon T on non-BPS Dp-brane in Type II string theory is given by [16] [17] [18] [19] [20] 4] 
where M p is the tension of the non-BPS brane. In this paper we use the unit α ′ = 1. In (1.1), we suppressed the dependence on the gauge field and the scalar fields other than the tachyon. It was pointed out in [15] that if we take the potential V (T ) to be
then the stress tensor of rolling tachyon computed from the boundary state is correctly reproduced by the effective action (1.1). This potential (1.2) was also discussed recently in [21, 22] .
The tachyon effective action has another important term, i.e. the Wess-Zumino term (or the Chern-Simons term) describing the coupling of open string tachyon to the bulk RR field:
where W (T ) is an even function of T which vanishes as T → ±∞. In order for a kink of T connecting the two vacua at T = ±∞ to carry the correct RR charge and the tension
Here M BP S p−1 is the tension of BPS D(p−1)-brane whose ratio to the tension M p of non-BPS Dp-brane is given by [24] M p M BP S
) . In this short note, we will show that the coupling of the open string tachyon to the RR field computed from the boundary state is reproduced by setting
This W (T ) obviously satisfies the condition (1.4). 2 In section 2, we consider some properties of the equation of motion obtained from the action (1.1) with V (T ) given by (1.2) . In section 3, we show that the source of RR field computed from the boundary state is reproduced by (1.6) . We also comment on the S-charge associated with the rolling tachyon. We conclude with a few comments in section 4.
Some Properties of S DBI
To see the dynamics of tachyon field described by the action (1.1) with (1.2), it is convenient to perform a field redefinition from T to T as [22] sinh
In terms of this variable T , the Lagrangian becomes 2) and the equation of motion derived from this Lagrangian is Therefore, the general solution of homogeneous tachyon is given by 3
An interesting fact is that the form of stress tensor as a function of time is reproduced from this effective action [15] . For instance, for the tachyon configuration describing the "full brane"
the on-shell Lagrangian is evaluated as
This expression agrees with the disk partition function Z(x 0 ) in the presence of boundary
, if we identify the coupling λ and the parameter
In general, the worldsheet tachyon operator T W S in the (−1) picture is different from the tachyon field T in the effective action (2.2). In particular, the periodicity of λ cannot be reproduced by any first derivative effective actions [25] . Moreover, the relative coefficient of T 00 and T ij computed from (1.1) does not agree with the boundary state result for the full brane. As pointed out in [6] , if a tachyon configuration has a turning point ∂ 0 T = 0, the effective action (1.1) cannot reproduce the stress tensor computed from the boundary state.
However, after taking the "half S-brane" limit,
we can actually identify T W S with T . In this limit, the tachyon configuration and the on-shell Lagrangian become
, (2.10) and the stress tensor agrees with the worldsheet computation for the half S-brane with 10] . It was argued in [22] that the action (1.1) is reliable only for the fluctuation of tachyon field around a single exponential e ±t/ √ 2 (i.e. T + = 0 or T − = 0 in (2.5)).
Next let us briefly discuss about the inhomogeneous tachyon configuration. It is easy to see that the configuration with a single exponential
solves the equation of motion (2.3) provided k µ is on-shell:
However, the sum of on-shell exponentials, e.g.
is not a solution of (2.3) because of the non-linearity of the equation of motion. It is interesting that this effective action (2.2) knows that the boundary interaction e X 0 /2 cos(X/2) is not exactly marginal in the superstring case [5] , although the single exponential e (X 0 ±iX)/2 is exactly marginal. It seems difficult to find an exact inhomogeneous solution of (2.2).
Instead, we can solve (2.2) numerically, or solve it perturbatively along the line of [5] . It was observed that, during the inhomogeneous decay of an unstable brane, defect branes are formed at a finite time [5, 9] and the slope of the kink becomes infinitely steep [26] .
It would be interesting to see whether the tension of the defect brane calculated by this effective action agrees with the tension of the BPS brane.
Wess-Zumino Term and S-charge
In this section we will show that the source of RR field read off from the boundary state is reproduced by the Wess-Zumino term (1.3) with the choice W (T ) = 1 √ 2π V (T ). The source of RR field generated by the rolling tachyon
.
This source and the bulk RR p-form field couple via the Wess-Zumino term on the worldvolume of non-BPS Dp-brane
Using the parameter t 0 (2.8), the source j(t) is rewritten as
Note that the normalization of j(t) was determined by requiring that the S-brane with T W S = λ sinh X 0 / √ 2 should carry ±1 of unit RR charge [11] . j(t) has poles at t = ±t 0 + πi(2n + 1)/ √ 2 and the residues are 2πi Res j(t)
The alternating sign of residues corresponds to the fact that, when t 0 = 0 (or λ = 1 2 ), the Wick rotated configuration describes an array of branes and anti-branes. From (3.3), (2.6) and (2.1), one can easily see that the RR source J is written as
5)
This relation holds also for the half S-brane. (The RR source of the half S-brane is obtained by taking the limit (2.9) in (3.1).) Therefore, we conclude that the function W (T ) is given by 1 √ 2π V (T ), at least for the on-shell tachyon. Strictly speaking, the effective action S DBI (1.1) is reliable only for the half S-branes. However, as we saw above, the disk partition function Z = B|0 NS and the RR source j = B|C RR are correctly reproduced by the effective action (1.1), (1.3) even for the full brane. It would be interesting to understand the physical meaning of this fact.
It is useful to rewrite J as
From this expression, it is obvious that the integral of J is 1 when integrated over the kink configuration of T connecting the two vacua T = ±∞. Therefore, J = W (T )dT satisfies the condition (1.4).
The equation of motion of the bulk RR p-form field with the source term (3.2) is given by
where x is the transverse coordinates of the non-BPS Dp-brane. The S-charge carried by the rolling tachyon is defined by [11] Q s (t) = d 9−p xF 0,···,p = d 9−p x ∂ t C 1,···,p .
From this definition of S-charge, one can show that Q s (t) is related to j(t) in a simple way:
Using (3.6), we can integrate the relation (3.9) to obtain
up to a constant shift.
We can check the general formula (3.9) by the explicit computation as follows. For the full brane, the RR p-form generated by the source (3.3) is
where ν = 9−p 2 −1, vol(S d−1 ) = 2π d/2 Γ(d/2) , and K ν (z) is the modified Bessel function. r = √ x 2 is the radial coordinate of the transverse directions. Plugging this expression into the definition (3.8) of Q s (t), the S-charge of the full brane is obtained as
where Q ± (t) are the S-charge of the half S-branes:
It is easy to see that this expression satisfies (3.9). As a function of time, Q full (t) has a kink at t = t 0 and an anti-kink at t = −t 0 , and approaches 1 2 at large |t|. (More precisely, Q full (t) has a "half" (anti)kink at t = ±t 0 . See the discussion below.) Note that the S-charge is independent of time when λ = 1 2 , or t 0 = 0 [11] Q full (t)
This is consistent with the relation (3.9) since there is no source of RR field when λ = 1 2 . The S-charge Q s (t) at fixed t is not a gauge invariant quantity. The physical S-charge is the difference of Q s (t) in the far future and the far past:
This is the definition of the integral of RR flux over the "transverse sphere" surrounding S-brane in Lorentzian space [1] . When C RR is independent of time, the Wess-Zumino term (3.2) reduces to The S-charge ∆Q ± = ± 1 2 of half S-brane reflects the fact that tachyon field describing the half S-brane runs from T = 0 to T = ∞ which is the half way between the two vacua T = ±∞.
The tachyon configuration of the form sinh t/ √ 2, which connects the two vacua T = ±∞, can be obtained from the cosh t/ √ 2 configuration (2.6) by the shift t → t + πi/ √ 2, [3] . Under this shift of t and t 0 , T in (2.6) becomes
The on-shell Lagrangian (or the disk partition function) of this configuration is the same as the cosh case (2.7), but the S-charge becomes
and it satisfies ∆Q sinh = 1 (we normalized j(t) by requiring this relation [11] ).
Discussion
In this paper, we showed that the source j(t) of RR field computed from the boundary state is reproduced by the Wess-Zumino term of the form (1.6) . We should comment on the relation between our W (T ) and the Wess-Zumino term obtained in BSFT [27, 28] .
The function W (T ) in (1.6) is quite different from the BSFT result W (T ) ∼ e −T 2 /4 . As emphasized in [22] , the two actions have different regimes of validity, i.e. our W (T ) is valid for nearly on-shell configurations while BSFT is valid far off mass shell. However, in view of the topological nature of WZ term in BSFT, namely the Chern character of superconnection, we expect our W (T ) is related to that in BSFT by a nontrivial field definition.
We have two pictures suggesting there are some branes at t = ±t 0 (or its shift in the imaginary direction):
(1) From the form of Q full (t), when t 0 is large the full brane can be well approximated by the following configuration: The unstable Dp-brane exists only in the region |t| < t 0 and ends on the half Sp-branes at t = ±t 0 , and there is no brane before −t 0 and after t 0 . It was discussed in [29] that the non-BPS branes in Euclidean space can end on "half D-branes" which carry the half unit of RR charge. This is based on the fact that the unstable branes can be regarded as sphalerons in string theory [30] .
(2) In [15, 11] , it was observed that when t 0 = 0 the closed string state produced by the unstable Dp-brane is closely related to the array of BPS D(p − 1)-branes at t = πi(2n+1)/ √ 2. This comes from the fact that the disk partition function Z(t) has poles at t = πi(2n + 1)/ √ 2. When we turn on t 0 , the poles of Z(t) and j(t) are shifted to t = ±t 0 + πi(2n + 1)/ √ 2. The closed string emission rate from the full brane is related to the cylinder amplitude between (anti)D-branes sitting at t = ±t 0 + πi(2n + 1)/ √ 2 [15] .
It would be interesting to study the relation between these two pictures (see [11] for the discussion on the relation of S-branes and D-instantons).
